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Introduction, basic definitions

e Oscillatory process — alternate increases or decreases of physical
qguantities (displacements, velocities, accelerations)

e Oscillatory motion is periodic motion

* Vibration of turbine blades, vibration of machine tools, electrical
oscillation, sound waves, vibration of engines, torsional vibration
of shafts, vibration of automobiles etc.

e Mechanical vibration - mechanisms and machines, buildings,
bridges, vehicles, aircrafts — cause mechanical failure

 Harmonic, periodic general motion
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Elastic elements

e Discrete elements (masses) + <
linear and torsional springs .
e Continuos structural elements — 0

beams and plates

Te

Single degree of freedom systems

e Number of degrees of freedom
(DOF) — minimum number of

coordinates / 2
JE ===l
AN —_— _ -
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Two degree of freedom systems

System with infinite number DOF
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Oscillatory motions

e Periodic motion with e Harmonic motion
harmonic components

1 CYCLE

\\/ \ /X wt / /\
\j \/ V KJ 0 w\7 37T\wt

Periodic motion repeating itself The simplest form of periodic motion is
after a certain time interval. harmonic motion — sin, cos
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Harmonic motion

Displacement of harmonic motion is given:

x=Xsin(wt+¢)

X, X(t) ... displacement [m]

X ... amplitude of displacement [m]

(et +¢)... phase
w ... angular velocity [s]

T ... natural period of oscillation [s]

f... frequency [s], [Hz] - Hertz
® ... phase angle
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velocity: X = % = wX cos(wt + ¢ )

wX ... amplitude of velocity [ms™]

acceleration:

. d?%x
X:

dt?

= —w?*X sin(wt + ¢)

-w?X ... amplitude of acceleration [ms]
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Simple degree of freedom systems

mass, spring, damper, harmonic excitation

a_x, miy=0
k
J\/\é\/\/— __F»z Fysin wt b= Fysin wt _ .
I I bi~—— ‘ e
. = mgl ¥
Forcing function — mX+bx +kx =F (t)

harmonic excitation

Damped free vibration mX+bx+kx=0

Undamped free vibration mX+kx=0
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Simple degree of freedom systems
mX + bx + kx = F(t)
F(t) = F,sinat

. Mass

. . . k
k ... stiffness coefficient / o o
o --- amlitudes of force | bi—]

w ... frequency of harmonic force ' "

>

m ..
b ... (viscous) damping coefficient Jo =0
F, .

cr

b ... critical damping coefficient
¢ ... damping factor

/k .
Q= E ... hatural (circular) frequency
n = W . frequency ratio

Q
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Undamped free vibration
mX+kx=0

Solution of the 2"d order differential equation

Assumed solution x(t) = Ae" o o o
- : X(t) = Ae" +Be free vibration
Characteristic equation:
mAZ+k=0 Two arbitrary constants A a B, determined
k from initial conditions:
A2+—=0
m x(0) = x,,%(0) = v,
K _ | .
A?=—— X(t):lﬂ(Ae'Qt—Be'Qt)
m
K X, =A+B
A v, =iQ(A-B)
A, =+iQ
0O = k Natural frequency A= 1 IXOQ Vo
“\m of the single DOF systems 2 1Q
. K N 1(i%,Q -V,
$+—x=0  X+0Q2Xx=0 B=| e
m 2 1Q
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Damped free vibration

mX+bx+kx=0

Solution of linear differential equation of 2nd order:

—7 7% -1|0t -7 —=\7%-1|at
mA2 +bA +k =0 (1) = Ad gl )
A, =2 b7~ amk -  >1 overdamped system

“2m 2m

{ <1 underdamped system

_-b . [4mk (bjz_
A, =—=i == —
“ o 2m 4m 2m

( =1 critically damped system

b b .
= = damping factor
2vkm by PIng

ber = 2+/km critical damping coefficient X1(1)

Q\J1-77 =Q, damped natural frequency

A, = (—( £.[7? —1)Q

Undamped --- and damped free vibration ---
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Damped free vnbratlon

Overdamped system: displacement becomes the sum of
two decaying exponentials with initial value of A+B, no
vibration takes place, the body tends to creep back to the

equilibrium position — APERIODIC MOTION (Fig.1)
>1
¢ —(+1/Zz—1)Qt

- Zz—l)Qt

X = Ae( + Be(_Z

Underdamped system: displacement is oscillatory with
diminishing amplitude (Fig.2). Frequency of oscillation is
less than that of the undamped case by the factor 7= .

(<1 X = e—ZQt[C N 1-720t +C, o 1—ZZQt] —

=e " (AcosQ t+BsinQ,t) =

=Ce ‘™ sin(\/l—Zth + y)

Critical damping:
=1 X =[A+ Btle™
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Damped free vibration — Logarithmic decrement

Natural logarithm of the ratio of any two amplitudes

s=inX =n x(t) oI e (AcosQpt +BsnQ.t)
%, X(t+T) e (AcosQt+BSnQ,1) /
1 2 21 12
=In—==QT=Q—"—=
o 4 q o /
o=2m  for b<<hby .
x(t) _ 5 -
d=In—_—_=2/m¢ = damping factor { =——
x(t+nT) ¢ = damping - = . /
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Forced vibration, harmonic excitation

mX + bx + kx = F (t)
mX + bx + kx = F, sin at

1. Forced undamped vibration
- homogenous solution of equation mX+kx=0
- particular solution of equation mX + kx = F, sin at
Solution of dif. equation with right side - steady state oscillation (response)
Assumed solution in the form of harmonic function:
X, =a sinat +a, cosat

G o— 2 . .
X, = —w’X, = -’ (a sinat + a, cosat)

dif. equation: (k— ma)z)alsina)t +(k— ma)z)a2 cosat = F,sinat

Comparing of coeficients at function sin a cos on the both side of the equation -
amplitude a, =
0

a1:
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Forced vibration, harmonic excitation

. . — 0 i
Particular solution: X, = ” > SInat

- mw
_ F, K 1 B 1
TR k. m o, sz
1-—wf 7
FO
A, ==
Tk
a 1
ag;, 1-n°

resonance — frequency of exciting force equels
to natural frquency of the system
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Vibration of the single DOF system in resonance.
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Resonance curve — undamped system
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Forced vibration

mMX + bX + kx = F(t)
mx+bx+k<=F sinat (1)

harmonic force

1. mX+bx+kx=0 homogenous solution

2. mX+bx+kx=F,sinawt - steady-state solution (response)
X=asn (a)t - ¢) assumed solution of differential equation (1)

—macs sin(at — @) +bawcos(at — @) +kasin(at - @) = F, sinat

_pw@ 2

e

Vectors’ diagram
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Single degreee of freedom system

Free damped vibration

Free undamped vibration

Forced damped vibration

mX +bx+kx =0

mX+kx=0

m¥ + bx + kx = F (t)

Homogenous solution

Homogenous solution

Xh - e_ZQt[Aei 1_(29t + Be—i l—Zth] — Xh - Clelgt + Cze—IQt

=e " (AcosQ,t+BsinQ,t) =

=Ce ¢ sin(\/l— J2Qt+ y)

X, = AcosQt + Bsin Qt
x, =Csin(Qt+y)

mX + bx + kx = F, sin at
X=X, X,

X, =asin(wt-¢)

Initial conditions
X(t) =% X(t,) =V,

Initial conditions
x(to) =X, )'((to) =V,

Amplitude of steady state
oscillation, steady state
response

x(t) — e—(Qt[AeiJl—?Qt + Be—iJl—?Qt]
Fosin(at—¢)

\/(k - mw2)2 + (ba))2

~ rad
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Forced vibration - magnification factor and phase angle

Solution of equation (1):  x(t)=x,+x,

X(t) = Ce ¢! sin[\/1—7m = yj 4 \/(kF_O si;i;:;(;z;) :

Values C a V' are derived from initial conditions.
Amplitudes of steady-state oscillation:

a= Fo = i 1
2\2 2 k 2\ 2 2
\/(k—mw ) +(bw) 1 Mw +(bwj
K K
Fo_ a statical deflection of the spring mass
k

system under the action of steady force F,
w :
n= a frequency ratio

a _ ! magnification factor

% J-n?) +(20)

2én
1-n?

phase angle

® ,,,iff,,,fﬁ_/

/ 0.05 180°

a
agr
W
\
—
h ()
c p—

(e}
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Phase Angle ¢

el
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Magpnification factor
N
w1 \ S

A
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Transient motion, under resonance
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Vibration isolation and transmissibility

Machine or engines rigidly attached to a supporting a) W = const. = n = const. w>>Q, n>>1,
structure, vibration is transmitted directly to the small damping factor ¢
support (often undiserable vibration). Disturbing b) w # const. > isolation, support with
source must be isolated. Force is trasmitted through damping ’
springs and damper.
| F(t) = Fysin(wt) —ka / l 0.05 180° \L:
O F(t) —bwa Fo ° 0.1 s H?\\
: = £|B~C«> / \ %z;, / () e
<~ < mw2a ~ 0.25 0.15 < 90 g
§ ok =3 SN\ N
< - £’ —
e é /}R\\
. Fpsin(wt—yp) ‘S //1_\ zq_%f’ 45
1
AN
Fp = +/(—ka)? + (bwa)? = a/k2 + (bw)? | § :\ I
> \/ k2 +(bw)? | \\~\:\\\
I A 0 1 \/E 2 3 4 5
Fp _ \/ 14(2¢n)* f7=£
Fo — '\ (0—n?)2+(2&n)? Q
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Rotating unbalance

Rotating unbalance systems (gears, wheels,
shafts disks which are not perfectly uniform,

produce unbalance force which cause

excessive vibrations. \\\ obs

my ... unbalance mass >

90°

e ... eccentricity

N

\\
Nl
m//

o ©

= =

&)
Phase Angle &
SN
-

rT'b e \\ 0 ! Freqlzlency rat3io - ! °
) 7 / 0.5
m 1 \/ L

k k

2 LH b 3 /

707, e

0 1 2 3 4
Frequency ratio @

mX + bx + kx = F (t) @

mX + bX + kx = m,ew’ sin at

2

n 2¢n
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Base motion, relative motion

Forced vibration of mechanical systems can be
caused by the support motion (vehicles,

aircrafts and ships)
harmonic motion  y=y,e* \\\ 0005
° / \\\ ol 2
mx+b(x-y)+k(x-y)=0
015 2
mX, +bx +kx =-my / .25\\ i ,
mxX +bx +kx = mwz yoeiwt 1{ ? 0/ 1 2 3 4 5
r r r yQ 5 \ Frequency ratio &
: N
solution / Sl ——
1 —
— i(at-¢) / R
X, =ae y
a = mwzzlo 0 1 2 3 4 5
\/(k_n.{uZ) +(bC{))2 Frequency ratlowin
a, 2
y_ = ; Z 5 tan ¢ = —12_5,72
o (1-n7) +(2¢n) 7
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