Response to Nonharmonic Forces

lva Petrikova
Dept. of Applied Mechanics




/ TKMOST

Introduction

e Response of single degree of freedom system to more general forcing
functions

* Forcing function F(t) to be periodic if there exists real number T (period)
such that F (t +T) = F (T) , hT is also period,

e Periodic function can be written as the sum of harmonic functions using
Fourier series.

Content

* Fourier Series

e Response to polyharmonic function
e Periodic forcing functions

e Response to Impulsive motion

e Example — Response to Rectangular Forcing Function
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Fourier Series and Determination of the Fourier
Coefficients

F(t):%+2ancosnax+2bnsinna1 F(t):F0+Z:‘Fnsin(nax+¢n) w=—

Coefficients  a,,a,,b,
T

a, :é.[ F (t) cos(nat) dt forn=0,1,2...

0

2 .
bn=?IF(t)sm(nw:)dt forn=1,2...
0

Relations for a,,b,, F,, @,
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Response to polyharmonic function
N
mX+bx+kx=> F sin(at+¢,)
n=1

The principle of superposition can be applied for linear system,
particular solution is polyharmonic function, steady-state response is given
by the sum of responses on components of harmonic functions

N
X(1) =X, + X, =%, + D X,
n=1

N
X, (t)=> x,sin(wt+3,)
n=1
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AOST

Vibration of the single DOF system under periodic f.f.

» Differential equation od single DOF system

%IL F(1)
jfvbw _|F mx + bx + kx = F (t) j
o} - 2 | | | ‘%
(a)
* F(t) is expressed in terms of Fourier series g
Fol
F(t) =&+Zaq cosnat + Y b, sinnat
2 n=1 =1 . X Y —:;
(b)
F (t) = Fo + Z Fn an (na)t + ¢n) (;ﬁ;?)gﬁz’igg%rlo ic forcing functions
=1
m+bx+ka=Fy+ 3 Fosin(wt+4,) @ =nw
n=1
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Response to the periodic forcing function

mx + bx + kx = F, +i F.sin(wt+¢,)

n=1

The principle of superposition can be applied to obtain the paricular solution x :

1) Response to the constant term F: 2) Response due to each of the terms:

mXp0+b)'(po+kXpo = FO |:n Sin(a)nt-l_¢n)
XpO:C X, = Fn/k sin(a)nt+¢n _wn)
. . 5 \2 2
Xp0:Xp0:O \/(1_,7n) +(ZZ,7n)
kC = F,
F n :w” :nw:m Q= E
xloO:C:?0 T Q Q m
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Response to the periodic forcing function

v _arctg[ Znn}
1-n

n

Complete solution

x(t) =%, +x,

Ms

i+
K

F /k

= (-n) +(2en)’

The use of the procedure described to be demonstrated by the computed in sw
Mathcad

sn(wt+¢, -y,)
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Example — response to the rectangular forcing

Numerical solution for Fourier coefficients:

function

1 1 |
T B _
fit)=h pro ﬂit{i 0.8
r m |
_ T g
fit)y=0 pro 21itiiT e 4| .
02r B
| |
ag oo . Gi} 1 4 3
uft) = 5+ Z {_ak-cns[k-m-t} + bk-sin[l-c-m-t}.} kde
k=1
T
(2
2
an= —- u(t dt
0=7) (t)
T
—
5 2
a=—- u(t)-cos(k-w-t) dt prok=12_.
T
T
—
1 |2 k=12
be==-| uft)-sin(kwtydt oo o
T
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Numerical solution for Fourier coefficients

Vypolet pro k__. =10

k = 10 T=5 h=1 t=0,0005_ 10

an=nh ag = — h b(k) = (-h
0 TTT ke (9 =0n—=
ag Kmax
up(t) = — + Z (ak-cos(k-w-t) + b(k)-sin(k-w-t))
k=
Vypocet pro kM =60
Ky = 30
k=1 Ky
1
sin[E-T-k-m) cos(k-m) - 1
) —
=-.—— ‘. by = (-h)———
TETT ke R = (==
ag 20 .
us(t) = 5 Z (ak-cos(k-wt) + by-sin(k-w-))
k=1
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Ustalena odezva funkce g(t)

Ustalena odezva
4

|:|:|:=2

Fi = {ak}l + {I:u.;}2
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'2 b0 k-w |
24fk1-m k1
s atan m
k=
k-w 2
1_ P
k1
- m -
Fo o & [Tex 1 | |
X[t)=— + — -sin{k-w-t —
==+ |5 = - (k- wt = ap)
k = k-w b0 k-w
1-|— | | +|2 —
2ofkK1-m k1
.- m m - -
Fo 30 [T 1 | |
®gplt) = a + a -sin{k-m-t—ﬂ:k}
2
k=1 kew )2 b0 kew )
1| —| | +]2- —
k1 24/k1-m Tk
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Ustalena odezva funkce g(t)
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